Several thermomechanical models have been proposed from a heuristic point of view. A mathematical analysis should help to clarify the applicability of these models, among those recent thermal or viscoelastic models. Single-phase-lag and dual-phase-lag heat conduction models can be interpreted as formal expansions of delay equations. The delay equations are shown to be ill-posed, as are the formal expansions of higher order -in contrast to lower-order expansions leading to Fourier's or Cattaneo's law. The ill-posedness is proved, showing the lack of continuous dependence on the data, and thus showing that these models (delay or higher-order expansion ones) are highly explosive. In this note we shall present conditions for when this happens.
Introduction
This note presents a mathematical analysis of several thermomechanical models which incorporate delay or relaxation parameters.
Heat conduction is usually described by means of the energy equation
for the temperature θ and the heat flux vector q. With the constitutive law q(t + τ , ·) = −κ∇θ (t, ·), (1.2) this being a special form of a more general law proposed by Tzou [1, 2] (cf. (1.11)), where γ , κ > 0, and τ > 0 is a small relaxation parameter, we obtain the delay equation θ t (t, ·) = κγ θ (t − τ , ·).
( 1.3)
We shall demonstrate that this problem is ill-posed, namely, the continuous dependence on the initial data is not given. More generally, we look at the problem from an abstract point of view in discussing d n dt n u(t) = Au(t − τ ), (1.4) where n = 1, and A essentially is the Laplace operator with appropriate boundary conditions in some bounded domain. Then the abstract result on ill-posedness can be given for any n ∈ N, and a large class of operators A, including non-homogeneous, anisotropic positive symmetric elliptic operators. We shall prove: 
with norm u l (t) tending to infinity (as l → ∞) for any fixed t > 0 while for the initial data the norms u l (0) remain bounded.
We remark that the eigenvalues may even be embedded into the essential spectrum. The same applies to the situation in Theorem 1.2 and in Theorem 1.3. We also point out that this result extends the result of [3] in several ways. In [3] a very specific example with special data has been considered, while we present a general theorem. For connections to Volterra equations, cf. [4] . Recently Roy [5] extended the constitutive equation to
, where κ, κ * are positive, ν is the thermal displacement that satisfiesν = θ, and τ 1 > τ 2 > τ 3 . This leads to the following heat equation of second order in time with two delay times: 6) where τ := τ 1 − τ 2 > 0, and τ * := τ 1 − τ 3 > 0. Again, this equation can be extended to the more general problem
where n ≥ 2. The constant β is positive and will be assumed to be equal to 1 without loss of generality. Then we also get the ill-posedness of this delay problem, i.e., 
Theorem 1.2. Let A be a linear operator in a Banach space having a sequence of real eigenvalues
In view of Theorems 1.1 and 1.2, a natural way to define a stable theory with delay is by means of a two-temperature theory as proposed in [6] .
If we approximate the constitutive equation (1.2) by a formal Taylor expansion with respect to τ of order zero, i.e., q(t, ·) = −κγ ∇θ(t, ·),
we have Fourier's law, and this leads to the classical heat equation θ t = κ θ having the physical impossibility of infinite propagation speed; this can be interpreted by observing that τ = 0 in (1.2) expresses an instantaneous change in the heat flux for a given temperature gradient.
Formally taking a first-order approximation of (1.2), i.e.,
(1.10) yields Cattaneo's law which, inserted in (1.1), leads to a damped wave equation, τ θ tt +θ t = γ κ θ, having finite propagation speed of signals. Both models, Fourier's (1.9) and Cattaneo's (1.10), augmented by boundary conditions in a bounded domain in R n as well as initial conditions, describe an exponentially stable system. More generally, Tzou [1, 2] proposed a dual-phase-lag theory based on
with two relaxation parameters τ q , τ θ > 0. The delay time τ θ is caused by microstructural interactions such as phonon scattering or phonon-electron interactions. The delay τ q is interpreted as the relaxation time due to fast-transient effects of thermal inertia. Different formal Taylor approximations like
have been discussed, and exponential stability has been shown for certain parameter domains for (τ q , τ θ ); see [7] [8] [9] .
With Theorem 1.1 we cannot interpret the formal ''approximations'' through Fourier's law, Cattaneo's law, Jeffreys' law, . . . in (1.9), (1.10) and (1.12)-(1.15) (leading to exponentially stable models) as real approximations of the unstable, ill-posed original delay equations (1.2) and (1.11), respectively; cf. [10, 2] for regarding it as a Taylor expansion.
Moreover, the expectation is that formal higher-order expansions -''better approximating'' the ill-posed case -lead to ill-posed models as well. Indeed, we consider the more general expansion of (1.11) given by A recent study for equations of this type can be found in [11] .
It is clear that we could express this in an abstract way in the form
where A is an appropriate linear operator in a suitable Banach space.
We remark that equations of this type are also present in the study of viscoelasticity. In [12] , the following constitutive relation was proposed: We can apply the abstract results to the case of Eq. (1.17) in a bounded domain B with null boundary conditions. Let us call (Φ l = Φ l (x)) l the sequence of eigenfunctions of the Laplace operator for the boundary value problem with null boundary conditions. As we shall prove, there exists of a sequence of complex numbers ω l = α l + iβ l such that the real part α l tends to infinity as l → ∞, and with the property that, for l ∈ N, θ l (x, t) := exp(α l t) cos(β l t)Φ l (x) are solutions of Eq. (1.17) with initial conditions (1.20) . . . ,
We have that the sequence (θ l ) l with θ l (x, t) = exp(α l t) cos(β l t)Φ l (x), (1.21) becomes unbounded for every positive time as l → ∞. A similar conclusion holds for any finite combination of such solutions. Moreover, a similar construction is possible for Eq. (1.3) or (1.6) in place of (1.17). Theorems 1.1 and 1.2 To prove Theorem 1.1, we make the ansatz
Proofs of
for a solution of (1.5), where φ l denotes an eigenfunction of A for the eigenvalue λ l < 0 with norm 1, and ω l ∈ C. We shall show the existence of a subsequence such that the real part of ω l tends to infinity as l → ∞. The ansatz (2.1) yields a solution if
Dropping the index l for simplicity and writing ω = re iϕ with 0 ≤ r < ∞ and 0 ≤ ϕ < 2π , we get from (2.2) λ = r n e inϕ e ωτ = r n e rτ cos ϕ e i(nϕ+rτ sin ϕ) .
Since λ < 0, we wish to solve
which implies
(2.5)
It is advantageous to place an additional restriction on ϕ:
Our aim is to show that (2.7) always has a zero in (0, π /(4n)) whenever |λ| is large enough. > 0 due to (2.6), there is an m ∈ N such that for all l ≥ m there is a solution ω l = r l e iϕ l to (2.2) such that
where we used ∞ ← |λ l | = r n l e r l τ cos ϕ l . This proves Theorem 1.1. Now we prove Theorem 1.2. We use the same ansatz (2.1) as above. Writing x := ω l , λ := λ l for simplicity, the ansatz (2.1) yields a solution if
(2.9)
We have to distinguish the cases I: τ > τ * , II: τ < τ * (as in [5] ), and III: τ = τ * . such that x = ω(1 + ζ ) satisfies (2.9). Then we have to solve
or, using (2.10),
rewritten as e τ * ωζ
Let Ω be the ball with center zero and radius R Ω := 1 10τ * |ω|
. Then f has exactly one zero (ζ = 0) in Ω. 
we have, with some constant c > 0, and, since τ > τ * , 
Proof of Theorem 1.3
The same ansatz (2.1) yields a solution if, for ω := ω l ,
+ · · · + a n−1 x + a n , a k , . . . , a n ∼ (−λ l ) as l → ∞. where the root with argument π /k is chosen such that Ry * > 0 (possible since k ≥ 3). Choosing r 0 := 1 10 |y * | we have that f (λ, ·) has exactly one zero in the ball B(y * , r 0 ) of radius r 0 around y * if |λ| is large enough. Since lim λ→∞ |R(λ, y)| = 0, uniformly in y ∈ ∂B(y * , r 0 ), we conclude, by the theorem of Rouché, that also Q has exactly one zeroŷ in B(y
